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Abstract 

We prove some existence results for the Webster scalar curvature problem on the 
Heisenberg group and on the unit sphere of C n+1 , under the assumption of some nat- 
ural symmetries of the prescribed curvatures. We use variational and perturbation 
techniques. 
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1 Introduction 

In this paper we prove some existence results for the equation 

-A Hn u(£) = K(£M£)^, (6i n , (l.l) 

where Ajjn is the sublaplacian on the Heisenberg group HP and Q = 2n + 2 is the 
homogeneous dimension of HP. Our results provide existence of solutions for the Webster 
scalar curvature problem on HP and on the unit sphere S 2n+1 of C n+1 , under suitable 
assumption on the prescribed curvatures. This problem is the CR counterpart of the 
classical Nirenberg problem. In this paper we shall mainly assume that the prescribed 
curvature K has a natural symmetry, namely a cylindrical-type symmetry. Our main 
results are contained in Theorems |2.1| , |2.3| , |2.5| and ^]8| below. 

We remark that one of the main features of the above equation ( [L . 1|) is a lack of 
compactness due both to the criticality of the exponent (Q + 2)/(Q — 2) and to the 
unboundedness of the domain. Non-existence results for ( |1 . 1|) can be obtained using the 
Pohozaev-type identities of |T2| under certain conditions on K. In particular it turns 
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out that a positive solution u to ( |1.1|) in the Sobolev space S^HP) (with the notation of 
Section 2) satisfies the following identity 

2Q 

(0, 2t), VK(z, t))u(z, t)Q^dzdt = 

provided the integral is convergent and K is bounded and smooth enough. This implies 
that there are no such solutions if ((z,2t),'VK(z,t)) does not change sign in HP and K 
is not constant. 

The link between equation (|1 . 1| ) and the Webster scalar curvature problem on the 
sphere is briefly discussed below. Let us denote by 9q the standard contact form of the 
CR manifold S 2n+1 . Given a smooth function K on § 2n+1 , the Webster scalar curvature 
problem on S 2n+1 consists in finding a contact form 6 conformal to 9q such that the 
corresponding Webster scalar curvature is K (for the definition of the Webster scalar 
curvature see f22|). This problem is equivalent to solve the semilinear equation 

b n A eo v(0 + K v(Q = K(()v(C) K ~\ C e S 2n+1 , (1.2) 
where b n — 2 + A 8q is the sublaplacian on (S 2n+1 , 9 ) and K = n ( n+1 ) is the Webster 

2 



scalar curvature of (S 2n+1 ,#o)- If f is a positive solution to (|1.2|), then (E> 2n+1 ,9 = v^8 [ 



has Webster scalar curvature K. Using the CR equivalence F (given by the Cayley 
transform, see definition ( |2.6| ) below) between S 2n+1 minus a point and HP, equation ( |1.2| ) 
is equivalent to (|1 . 1|) with K = K o F , up to an uninfluent constant. We refer to |14| 
for a more detailed presentation of the problem. 

Indeed in the papers |14|, 15, 16], Jerison and Lee extensively studied the Yamabe 



problem on CR manifolds (see also the recent papers |]TU|, [TTJ] ) . On the contrary, at the 
authors' knowledge, very few results have been established on the Webster scalar curvature 
problem. In the recent paper [2(J by Malchiodi and one of the authors, a new result is 
obtained in the perturbative case, i.e. when K is assumed to be a small perturbation of a 
constant (see the papers @, |§, for analogous results concerning the Riemannian context). 

The aim of this paper is to begin to study a case analogous to the radial one in the 
Riemannian setting. The natural counterpart in our context seems to be that of cylindrical 
curvatures 

K(z,t) = K(\z\,t) 

(see Section 2 for all the notation) and not that of "radial" ones K = K(p). Indeed 
cylindrical curvatures K on HP correspond on § 2n+1 to curvatures K depending only on 
the last complex variable of S 2n+1 C C n+1 , 



J?(Cl,...,Cn.+l) = ^(C 



n+1), 



in analogy with the Riemannian case where radial curvatures R on M. N correspond to 
curvatures R(xi, ...,xn + i) = R(xn+i) in C M iV+1 , via the stereographic projection. 
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However, the cylindrical case presents higher difficulties with respect to the radial 
Riemannian case. Indeed, when K is cylindrical, one can reduce equation ( |1 . 1| ) to a 
two variables PDE, but not to an ODE as in the radial case. Nevertheless we are able 
to adapt a technique by Bianchi and Egnell ]6|] in order to obtain our first existence 
result Theorem |2.1| . This technique consists in a minimization on a space of cylindrically 
symmetric functions and is based on a concentration-compactness lemma which can be 
proved just adapting the classical result by P. L. Lions |17|, |18| holding in the euclidean 
context. 

We then deal with the perturbative case, obtaining some results via the abstract 
Ambrosetti-Badiale finite dimensional reduction method [[1], |2j (see Theorems 2J3 , 2J3 and 



278|) . This method allows to prove for the Webster scalar curvature the results found 
in [[| for the scalar curvature problem in the perturbative case. More precisely in J|, 
Section 4, the radial symmetry allows to reduce the perturbation problem to the study 
of critical points of a one variable function, thus obtaining more precise and neat results 
than for the non radial case. Similarly in our setting the cylindrical symmetry leads us to 
treat a two variables problem and to find results like Theorems |2.3| and which have no 



counterpart in pQl , where the Webster curvature problem is treated without requiring any 
symmetry, and like Theorem |2.5| which requires assumptions of the type of |2t| only on 
the function K restricted to the axis {z = 0}. For other results related to the Riemannian 
case in presence of simmetry we refer to 0, || [| |i"3| . 

We finally remark that some other results for equation ( |1 . 1|) on the Heisenberg group 
have been obtained in the papers |7], 19, 21]. However, our hypotheses on K are very 



different from the ones in such papers where K is assumed to satisfy suitable decay- 
ing conditions at infinity. In particular in |7|] it is required an estimate of the type 
i^i(p)A B [np < K < K 2 (p)A^p (p is the homogeneous norm on HP defined in (|2J]) be- 
low) involving the degenerate term A^p, which allows to "radialize" the problem and to 
apply ODE methods. 

Acknowledgments. We wish to thank Proff. A. Ambrosetti and E. Lanconelli for having 
suggested the study of this problem. V. F. is supported by M.U.R.S.T. under the national 
project "Variational Methods and Nonlinear Differential Equations". F. U. is supported 
by University of Bologna, funds for selected research topics. 



2 Notation and main results 

Denoting by f = (z, t) = (x + iy, t) = (x, y, t) the points of IP = C"xRe M 2n+1 , let us 
recall that the group law on the Heisenberg group is 

(x,y,t)o(x',y',t') = (x + x',y + y',t + t' + 2x' ■ y - 2x ■ y') 

where • denotes the usual inner product in R n . Let us denote by r^(^') = £ o £' the 
left translations, by <5;(£) = (lz,l 2 t), I > the natural dilations, by Q = In + 2 the 
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homogeneous dimension, and by 

p(0 = (M 4 + * 2 ) 1/4 (2.i) 

the homogeneous norm on HP. The Lie algebra of left-invariant vector fields on HP is 
generated by 

The sub-elliptic gradient on HP is given by Vh™ = (X\, . . . , X n , Y"i, . . . , Y n ) and the Kohn 
Laplacian on HP is the degenerate-elliptic PDO 

n 

A H „ = £(X/ + ^). 

3=1 

We will say that a function / : HP — > R is continuous on HI™ if it is continuous and 
there exists lim^^oo f(z,t) G R. In this case we will denote by /(oo) such a limit. 

Let K be a continuous function on Hp. We shall always suppose that K has cylindrical 
symmetry, i.e. K(z,t) = K(\z\,t), and that K is locally Holder continuous in ]0, oo[xR. 
Let us consider the following equation on HP 

- A M n U = Ku Q *-\ u>0 in IF, (V) 

where Q* = We will work in the space of cylindrically symmetric functions of the 

Folland-Stein Sobolev space S'q(HP), namely in 

S l cyl (M n ) = {u e S^(M n ) : u(z,t) = u(\z\,t)}, 

where ^(HP) is defined as the completion of C£°(HP) with respect to the norm 

||«|lsi( H n) = / |Vh"^| 2 dzdt. 

Let us remark that Q* is the critical exponent for the embedding Sq(HP) (HP). 
Choosing suitable regularization functions, it is not difficult to recognize that we have 

S'q(HP) = lu E L Q \U n ) : [ \V M "u\ 2 dzdt < oo] 

and that [(HP) is equal to the closure in S'q(HP) of the set of cylindrically symmetric 
functions. Let us also observe that S^iW 1 ) is a Hilbert space endowed with the 
scalar product (u,v) = / H „ VrM • Vw^v dz dt. Let us denote by S the best constant in 
the Sobolev-type inequality (see fL5| ) 



S\\v\\ 2 Q * < \\vf sl[un) Wv e SS(H»). (2.2) 
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It is known (see [15|) that all the positive cylindrically symmetric solutions in S^EP) to 
the problem 



are of the form 



Q — 2 ( T t — S 

U^ s {z,t) = Cnfl ~U 



[I \f 



(2.3) 



(for fi > and seR) where r = \z\, 

U (r,t) 



t 2 



= 1- By 



and c n is a positive constant to be chosen in such a way that J H „ |Vh»^ 
solutions to problem (V) we mean weak solutions in the sense of S^EP 1 ). On the other 
hand, under our hypotheses we have that solutions in the S , ^ yl (H n )-sense are also solutions 



in the S^HP^-sense, as it is shown in Lemma A.2 in the Appendix. 

Our first result is the counterpart in the Heisenberg context of a result of Bianchi and 
Egnell |J about radial solutions of the corresponding problem for the Laplacian on the 
euclidean space. 

Theorem 2.1. Assume that K is a continuous cylindrically symmetric junction on HP 
such that there exists K(oo) = lim^Woo K(z,t) el, K is positive somewhere and 

sup#(0,f) < K{oo). (2.4) 



// either K{oo) < or there exist fi > and s G 1R such that 

[ (K(z,t) - K(oo))U%* s dzdt > 0, 
then problem (V) has a cylindrically symmetric solution. 



(2.5) 



Remark 2.2. The solution u found in Theorem \2. i| above, satisfies the decay condition 
u = 0(p 2 ~®) at infinity (see e.g. fi2(\ , Proposition 2]). Moreover, by means of standard 
regularization techniques based on the results of Folland and Stein JQ], one can prove that 



u is smooth if K is smooth. We finally remark that Theorem \2.1\ gives also an existence 
result for the Webster scalar curvature problem on the sphere S 2n+1 , by means of the CR 
equivalence F : § 2n+1 \ {(0, 0, -1)} -> M n , 



Ci 



Cn 



Re i 



+ 1 



(2.6) 



. 1 + Cn+l 1 + Cn+1 V 1 + Cn+1 - 

We also remark that the set {(0,t)\t G M} C H n (i.e. the center of the Heisenberg group) 
corresponds via F to the circle {(0,w) G C n x C\w G S 1 } C § 2n+1 . Hence condition ( [2.4|) 
is equivalent to 

m&xK(0,w) < K(0,-1) 



(where K = K o F is the prescribed curvature on S 2n+1 ). 
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Theorem |2.1| is proved by a minimization technique which makes use of some con- 
centration compactness argument; since the solution is found as a constrained minimum, 
it is not possible to obtain in the same way an analogous result with inequalities ( |2.4|) 
and (|2.5| ) in the opposite sense. 

In the second part of the paper, we shall deal with the case in which K is close to a 
constant, namely K(z,t) = 1 + ek(z,t). We will consider the perturbation problem 



i]gnU 



[l + ek)u Q *~\ u>0 in HI™, (V e 



where e is a small parameter and k is a bounded cylindrically symmetric function on HI". 
Following the Ambrosetti and Badiale finite dimensional reduction method we are 

able to prove some perturbative existence results, which in most cases require weaker 
assumptions than Theorem [2.1| . Our first perturbation result is the counterpart of |§, 
Theorem 4.5. 

Theorem 2.3. Assume that k is a continuous cylindrically symmetric function on HP 
with k(oo) := lim^t)-^ k(z,t) G 1R and that there exist fi > and s G M such that either 



/ (k(z,t) - sup k(0,(rj)u^ s dzdt > 



(2.7) 



or 



J (k(z,t)-in^k{0,crj S JU%* s dzdt<0. (2.8) 

Then problem (V £ ) has a cylindrically symmetric solution for \e\ sufficiently small. 
Remark 2.4. 

1. In fact, from the proof it will be clear that we do not need to assume that the limit 
of k at oo exists, if we assume instead that either 



or 



I (k(z, t) — lim sup fc(/z, s)) U®* s dzdt > 

JM n (ju,s)-xx) 

/ (k(z,t) - liminf fc(/x, s))U®l dzdt < 0. 

JW n (m,s)-*oo 



2. Note the presence of the strict inequality in l\2. 1\ ) and which is due to technical 
reasons. 

3. Assumption ( \2. Tj ) is weaker than assumptions ( ]2.4) and ^2. b\ ), with strict inequality 
in at least one of them. The case covered by ^2.$) has no counterpart in Theorem 



2.1. Actually in such a case the solutions we will found are not constrained minima 



like the ones found in Theorem [20 
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Using the perturbation method, it is also possible to find some other results, requiring 
assumptions on the behavior of k on the axis {z = 0} instead of integral assumptions of 
the type (|2.7f ) and ( |2.8|) . The following result is the analogous for the Heisenberg group 
of ||, Theorem 4.4. 

Theorem 2.5. Assume that k is a cylindrically symmetric function such that k = k o F 
is a smooth function on S 2n+1 ; and that there exists a point (0, s) G EP such that k(0, s) = 
maXo- k(0, a) and 

A x , y k(0,s) > 

where A XiV k = X^ILitf^t + §^§] ■ Then problem (V e ) has a cylindrically symmetric solution 
for \e\ sufficiently small. 

Remark 2.6. It is also possible to find solutions under the assumption that there exists 
a point (0, s) G HI n such that k(0, s) = niing- k(0, a) and A x ^ y k(0, s) < 0. 

Remark 2.7. Let us remark that the assumption that k comes from a regular function 
on the sphere through the Cayley transform implies that k has finite limit at oo and that 
\k\, |Vfc|, |V 2 /c|, and \t 2 dfk\ are bounded. 

Our last result is inspired by ||], Theorem 5.1(a). 

Theorem 2.8. Assume that k is a cylindrically symmetric continuous function such that 
there exists lirn^Woo k(z,t) and k(0,t) = k(oo) for any t G M. Then problem (V £ ) has a 
cylindrically symmetric solution for \e\ sufficiently small. 



3 Proof of Theorem [2Tll 

In this section we shall prove Theorem |2.1| by finding a solution of (V) as a minimizer on 
the constraint 

M=\feS 1 cyl (M n ): 11/11^ = 1, / K\f\<r>o). 

Note that the assumption that K is positive somewhere ensures that M is nonempty. Let 
us consider the minimum problem 

7 = inf Fjciu) (1 K ) 

where Tk '■ M — ► M is defined by 
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Suppose that u G M attains the infimum in (Ik)- Then u is a critical point of Tk 
constrained on M. Then there exists a Lagrange multiplier / G R such that 



1 



(F' K (u),v) = l(g'(u),v) VveS 1 ^ 
where Q(u) = J Rn |Ve™«| 2 , namely for any v G Sl yl (M n ) 

Q 

-Q[ K\u\ q *) / K\u\ Q *~ 2 uv = 21 V m nu-V m ™v. (3.1) 

Testing (|3.1| ) with v = u, we can easily compute the value of /, thus finding / = —QJ-k(u). 
Hence (|3.1|) can be written in the form 



/ V H «« • V H nV = ( [ K\u\ Q ^ [ K\u\ Q *~ 2 uv Vv e Sl yl (U n ) 

which is equivalent to the fact that u is a weak solution in the S'^ yl (EI ri )-sense of the 
equation 



A„ nU = I / K\u\ w ' ) K\u\ w '- 2 u. 



Without loss of generality, we can assume u > 0; otherwise one takes \u\ after noticing 
that if u e M, then \u\ G M and Tk(\u\) = ^k(u)- From Lemma |AT2| , p0| , Proposition 2] 



and the Harnack inequality proved in p4| , Proposition 5.12] it follows that u is strictly 
positive and hence u satisfies 



-A M nU 



Let us consider the rescaled function 



1 2 u. 



It is easy to check that u > satisfies 

hence u is a solution to problem (V). Therefore, the above argument shows that the 
existence of minimizers of (Ik) provides a weak solution in 5 c 1 yl (H' 1 ) to (V) (and hence 
in ^(H n ), thanks to Lemma \Klj). 

A sufficient condition for the existence of minimizers of {Ik) is given in the following 
lemma. 
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Lemma 3.1. Let 5 = sup{K + (0,t) : i e 1} and assume that there exists V G M such 
that 

Fk(V) < inf F s {v) = T S (U^ S ) = S-^S*. 

■uGM 

If 5 = it is enough to assume M ^ (i.e. K positive somewhere). Then the infimum 
in (Ik) is attained. 

Proof. Let (u m ) m be a minimizing sequence for (Ik), i-e. 



2-Q 
2 



K\u m \ w '\ — ► 7, / K\u m \ Q * > 0, / |V H »Um| 2 = L 

Up to a subsequence, we can assume that u m — ^ w in S^^EF 1 ) (and in S'q(IHP) and 
(HP)). In view of Lemma A.3 we have that u m converges to u in L q (C) for any set 
C of the type {z : < c\ < \z\ < C2} x [—03,03] (and hence on any compact set away 
from the axis {z = 0}) and for any 1 < q < +00. From a suitable HP-version of the 
concentration-compactness principle of P. L. Lions (see Theorem |A.4j ) we have that there 
exist some nonnegative finite regular Borel measures z/, u K , \i on HI , an at most countable 
index set J, a sequence (zj,tj) G HP, z/ J , u°° G (0, 00) such that (passing to a subsequence) 
the following convergences in the weak sense of measures hold 



\ Um \ Q * dx^V= \ U \ Q * + " j t(zi,P) + ^°°^oo (3.2) 

K\u m \ Q * dx^v K = K\u\ Q * + K ( zj i *V'<W) + Kioo^Sco (3.3) 
I V mn u m \ 2 dx ^ fjL > \V mn u\ 2 + S(" j )&$(zi,P) + SV°°)^oc- (3.4) 



Moreover if (z\ P) does not belong to the axis {z = 0}, i.e. if z^ 7^ 0, then (z\ P) is in some 
compact set of the type {z : < c\ < \z\ < C2} x [— C3, C3]. Hence, in view of Lemma |A.3| 
in the Appendix, f c \u m — u\ Q * — > and consequently f c \u m \ Q * — > f c \u\ Q * . Take some 
continuous nonnegative function ip with compact support and satisfying ip(z\P) 7^ 0. For 
such a ip we have that j c ip\u m \®* —* f c (p\u\®* and hence 

= u j ip(z j ,t j ). 

Therefore it must be v 3 ' — 0, so that we can assume, without loss of generality, that z J = 
for any j G J. We claim that u G M. Let us distinguish two cases. 

Case S > 0. We can assume 7 < 5~^~ S% . Otherwise if 7 > 5~^~ S% we have 
J~k(V) < <5~ 2 2 _ 5'^ < 7 and hence V is a minimizer. Let 7 < 5 "S". Since u m is a 
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minimizing sequence, from (|3.3|) and (|3.4j) we have 

K\u\ Q * + K(0, t j )u j + K(oo] 
j 

1> f |V H ^| 2 + VS(z/ j ')^ + S(i/°°) 



i/ 



2 



(3.5) 
(3.6) 



We claim that J Hn |Vh™«| 2 = 1. By a way of contradiction, assume that J H „ |Ve™w| 2 = p 
with p £ [0, 1[. From (|3.(j|) we have 



(3.7) 



^>(i-p)-^[X)(^ + (o* 



(TO and (|3/?D imply that 



7 



" Q-2 



>^(i-p)^[E i 



2 Q* 

hence 7~o=2 > <5(i _ p) r ( £\ ia> + . Therefore 



|3~5| ) , (ft.SQ, and the definition of 5 imply that 



7 



+^2K(0,t j y +K(oo)v°° < / JsT|M| Qi + (1 -p)^7"«^. (3.9) 



(3.* 



Hence J Mn > 0. Set u = up 1/2 £ M; we have 



?*/2 



From ( ^.9| ) and ( |3.10| ) we obtain that 



ry Q-2 < ry Q- 



K\u\ Q < 1 



P 2 + (1 - P) 2 



(3.10) 



namely 1 < p^*/ 2 + (1 — p)<2*/ 2 < p + (1 — p) = 1 which is not possible. 



Case <5 = 0. In this case K(oo) < and K(0, t) < for any £ £ R and thus ( |3.5| ) and 
(CT) imply 



< 7 ~Q=2 < / tf| u |«* < 7 



" Q-2 



|Vh"M| 
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Hence f mn |Vh™m| 2 > 1- Since from ( p.6|) we have f mn |Vh™m| 2 < 1, we can conclude 

Ln |v H ^| 2 = 1. 



The claim that u G M is thereby proved. From ( |3.6| ) we obtain also that it must be 
I/O = — o. Hence, in view of Q3.5|) , we deduce that the minimum in (Ik) is attained 
by u. □ 



Proof of Theorem |2.1| completed. Let 5 be as in Lemma |3.1| . If K(oo) < then 
5 = 0. If K(oo) > then 5 = K(oo) > and from (O) we have 



and hence 



2-Q 

KU Z) 2 <f / 6U Z" 



Lemma ^]T] (with V = U^ s ) allows us to conclude. 



□ 



4 The perturbation problem 

In this section, we focus our attention on the case in which K is close to a constant, 
namely K(z,t) = 1 + ek(z,t). We deal with the perturbation problem 

- A H nu= (l + ek)u Q *-\ u>0 inH™, (V £ ) 

where e is a small real perturbation parameter and k is a bounded cylindrically symmetric 
function on H n . Our approach is based on the finite dimensional reduction method devel- 
oped by Ambrosetti and Badiale |l], @] and recently applied by Malchiodi and one of the 
authors 0] to the problem of prescribing the Webster scalar curvature on the unit sphere 
of C n+1 . Cylindrically symmetric solutions of (V e ) can be obtained as critical points on 
the space 5^ 1 (EI n ) of the functional 

fe{u) = \f iVe^l 2 -^/ (l + ek)u?. 

Indeed, if u is a nontrivial critical point of f e , testing f' £ (u) with w_ = max{— u,0} 
we obtain that = (f' e {u),uJ) = — H^riH") anc ^ hence w_ = 0. From Lemma |A.2| , 
pOj , Proposition 2] and the Harnack inequality proved in |14|, Proposition 5.12] it follows 
that u > 0. 

For e = 0, the unperturbed functional fo has a manifold of critical points Z given by 



Z = {z^ s : /i > 0, seR} 



(4.1) 
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where z^ jS is given, up to a constant, by the function U^ s defined in (|2.3| ), namely 

Q-2 f Z t — S 



where 

u(z, t) = {Q-2) 9 ? (i 2 + (1 + |^| 2 ) 2 ) (4.2) 
4.1 The abstract perturbation method 

For the reader's convenience, here we recall the abstract result we will use in the sequel, for 
the proof of which we refer to ||, ||. Let E be a Hilbert space and /o, G G C 2 (E, M). Let 
us denote by D 2 f (u) G C(E,E') the second Frechet derivative of fo at it. Through the 
Riesz Representation Theorem, we can identify D 2 fo(u) with Jq(u) G C(E,E) given by 
= JC(D 2 f (u)v) where JC : E' E, (lC(<p), ^) E = for any ^ G V G E. 

Suppose that f satisfies 

(a) /o has a finite dimensional manifold of critical points Z; 

(b) for all z £ Z, Jq(z) is a Fredholm operator of index 0; 

(c) for all z G Z, there results T 2 Z = ker f(j(z). 

Condition (c) is in fact a nondegeneracy condition which is needed to apply the Implicit 
Function Theorem. The inclusion T Z Z C ker Jq(z) always holds due to the criticality 
of Z, so that to prove (c) is enough to prove that ker f(j(z) C T Z Z. 

Consider the perturbed functional f e (u) = fo(u) — sG(u), and denote by T the func- 
tional G\ z . Due to assumptions (a), (b), and (c), it is possible to prove (see Lemma [4.4|) 



that there exists, for |e| small, a smooth function w e (z) : Z — > (TzZ) 1 - such that any 
critical point z G Z of the functional 

$ £ : Z^R, $ £ (z) = f £ (z + w £ (z)) 

gives rise to a critical point u £ = z + u> e (z) of / e ; in other words, the perturbed manifold 
Z £ = {z + w £ (z) : z G Z} is a natural constraint for / e . Moreover $ e admits an expansion 
of the type 

$ e (2) = 6-er(z) +o(e) as £ -> (4.3) 
where 6 = /o(z) for any z G Z. 

Theorem 4.1. Lei / satisfy (a), (b) ; and (c) and assume that T has a proper local 
maximum or minimum point z. Then for \e\ small enough, the functional f £ has a critical 
point u £ such that u £ —>■ z as e — > 0. 

Remark 4.2. If Z = {z G Z : r(z) = min^T} compact, it is still possible to prove 
that f £ has a critical point near Z . The set Z can also consist of local minimum points; 
the same holds for maximum points. 
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4.2 The unperturbed problem 

In order to apply the abstract result stated above, we have to prove that the unperturbed 
functional 

fo( u ) = o / l v nH 2 - 7^ 



+ ' 



u e Sl yl (M n ) 



satisfies (a), (b) and (c). Condition (a) clearly holds; indeed, as remarked above, fo has 
a two dimensional manifold of critical points Z, see (|4.1|) . Moreover, it is quite standard 
to prove that (b) holds. Indeed f e C 2 (5'J rl (H B ), R), 



and for any z E Z the operator /q (z) : S'^KP) — »■ Sl yl (H. n ) is of the type / — C z , where 
I is the identity and C z is a compact operator and hence f{{(z) is a Fredholm operator of 
index 0. 

Let us now prove (c). The tangent space T z Z is given by 



T, Z 



dz, 



ex- 



it 



dl 



+ P 



dz, 



t=s 



Of 



a, P £ 



t=s 



Lemma 4.3. For any // > 0, s 6 R, there holds 

Tz^Z = ker/j^,). 

Proof. As remarked in the previous subsection, it is enough to prove the inclusion 
ker /q (z^ s ) C T z Z. We can assume fi = 1 and s = 0, since ker/o(^ )S ) is isomorphic to 
ker /q (^i,o), due to the invariance of the problem under dilations and translations along 
the i-axis. If u e ker /q (zi,o), we have that u is a solution in the weak sense of S'^ yl (EI n ) 
of the linearized problem 

-A nn u = (Q* - l)z%-\ in Sl yl iW). 

Due to Lemma [A.2| , u solves the above equation also in S^KF 1 ). It has been proved by 
Malchiodi and one of the authors [ 20 1 that any solution u in Sq(M h ) of such equation is 
of the type 



«(0 



a- 



2d + l 



dl 



i=i 



Ouj, 



i=l 



(0, £ G H», 

where, for Z e R and (eff 



/=i 

2n+l 



for some coefficients a6l and v 

= l~~5~cu o Si-i o r^-i, namely if £' = (z , t') = (x 1 , y , t'), £ = {z, t) = (x, y, t), then 



u(z', t') —u(x', y', t') = a 



y,t 



01 



+E 



dui, 



l,x,y,t 



i=l 



dxi 



(x',y',t')+p 

(1,0,0,0) 

n 

{x',y\t') + J^r, 



0t 



(1,0,0,0) 



i=l 



dyi 



(x',y',t') 

(1,0,0,0) 



(4.4) 



(1,0,0,0) 
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for some a, (3 G M, 7 = (71, . . . , 7 n ) G K n , and r = (ti, . . . , r n ) G IR n . We claim that the 
cylindrical symmetry of w implies that, for any % — 1, 2, . . . , n, 7$ = Tj = 0. We have that 



5/ 



Q-2 



■ L0(Z 



',t') + (Q- 2f/ 2 (t> 2 + (1 + \z'\ 2 ) 2 Y^{l 



\z'\ 2 )\z'\ 2 



1=1 



.Q+2 



Therefore 



+ (q - 2) Q / 2 (r + (1 + |2f) 2 )"~t 

(Q - 2)«/ 2 



/2 



z=l 
5=0 



(t' 2 + (l + |^| 2 ) 2 )^ 



((1 + \z'\ 2 )x' - t'y', (1 + \z'\ 2 )y' + fx', t'/2). 



81 



1(1,0) 



and 



8^l,x,y,t 

at 



q+2 



1(1,0,0,0) 



',</,*') = i(g_2) c ?/ 2 (t' 2 + (l + |^| 2 ) 2 )"— t' 



arc 



of and"^%^, from flO) we deduce that 



cylindrically symmetric functions. If m is cylindrical, in view of the cylindrical symmetry 



81 



at 



5> 



t=l 



(1,0,0,0) 



i=l 



(z',t) 



(1,0,0,0) 



must be cylindrical, hence h(x',y',t') = Y^i=ili ((l + k'l 2 )^ - ^2/0 + r i ((-^ + l-^'H^ + ^^O 
must be cylindrical. From 



MP,... a---, q,p 0,0) = /i(o,...,-i...,o,o,...,o,o) 



it follows that 27j = —27^ and hence 7i = for any i = 1, . . . ,n. In the same way 
Ti = for any i — 1, . . . , n. The claim is thereby proved. As a consequence, we have that 
ker/o^o) is contained in T Zl Z. □ 



4.3 Study of T and proof of Theorems |ZT3| and [275 

In our case, the reduced functional T is given by 
1 



r(/i, s ) 



7n 



k(z,t)z®* s (z,t) dzdt = — / k(fiz, fi 2 t + s)u Q \z,t) dz dt 

Q* Jw™ 



k(fir, /Tt + s)u w (r,t)r 2n - L drdt 



0<r<oo 



where 7„ is the measure of the unit (2n — l)-sphere. The function T can be extended with 
continuity to /x = by setting 



T(0, s) = jfc(0, s) / oo Q (r, t)^™" 1 dr dt = b fc(0, s) 



(4.5) 



0<r<oo 



Webster scalar curvature problem with symmetry 



15 



where b = i J mn ujQ . By the Dominated Convergence Theorem it follows that 

r(oo) := lim T {fi, s) = b k (oo). (4.6) 

(fi,s)— too 

Moreover, if k — k o F~ x with k a smooth function on the sphere § 2n+1 , we have that 
_D M r(/i, s) = — / [V z k(fiz, fi 2 t + s) ■ z + 2d t k(fiz, fi 2 t + s)fit\u Q (z, t) dz dt 



DfjT(0, s) — ( [V z k(^s)-z]uj Q \z,t)dzdt = 



(4.7) 



and 



i r r - 



dxidxj 
i,j=i j 



d 2 k >A d 2 k 

(0, s)XiXj + 22 a „. a7. ( 0> s )^% + 2 W°> s ) t 



2nQi 



7= i %<% 
■ co> Q (x,y,t) dxdydt 

A X!y k(0,s) / |z| 2 a; 9 *(£, t) <it. 



(4.8) 



Proof of Theorem |2.3| . Assumption ( |2.7| ) and (|4.6| ) imply that T(oo) < T(/i, s) whereas 
assumption (|2.7| ) and fl4.5|) imply that sup CT T(0, a) < T(/i, s) hence Y must have a compact 
set of global maximum points in the interior of the half-plane {(/i, s) : /i > 0}. From 
Remark |4.2| we get the conclusion. In the case of (|2.8| ) we have T(oo) > T(fi,s) and 
inf CT T(0, a) > T(/i, s) hence T must have a compact set of global minimum points. □ 

Proof of Theorem |2.5| . The assumptions of Theorem |2.5| imply, in view of ( |4.5|) , ( [1.6| ). 

O and O, that T(0,s) = max, T(0, <r) > r(oo) and £> M r(0, s) = 0, Dj i/i r(0, s) > 
hence T must have a compact set of global maximum points in the interior of the half-plane 
{(/!, s) : yU > 0}. The conclusion follows from Remark [O. □ 



4.4 Study of $ e 

To prove Theorem fXR the study of the functional T is not sufficient since in this case 



T may be constant even if A; is a non-constant function. This fact leads to a loss of 
information, being the first order expansion Q4.3| ) not enough to deduce the existence of 
critical points of $ e from the existence of critical points of T. Therefore we need to study 
directly the function $ e which in our case is a function of the two variables (fi, s) G M + x M. 
For > and s6l, let us define the map 

U,y. S^W) — > S%$T\ U,, s (u)(z,t)=^u(^, t —^y 

It is easy to check that ||ZY MjS (w)|| gl = \\u\\ s i , for any u G S'^ yl (H n ), > 0, and 
s G R, and that f = fo °U^ S - Moreover we have that (U^s) 1 = W M -i _ At -2 s = 
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where (U^s)* denotes the adjoint of U^ s . Differentiating the identity f = f oU^ s we 
observe that 

/; = (y^o/;ow )liS 

and 

f»(u) = (U^y 1 o U(U», s {u)) oU^ Vu G S^W 1 ). (4.9) 

Clearly we have U^ s : T U Z — > T z ^^ a Z and IA^ S : (T^Z) 1 - — ► (T Zlls Z) . Because of 
nondegeneracy, the self adjoint Fredholm operator /q (lo) maps S^ rl (H n ) into (T^Z) 1 - and 
f$(u) G C{{T u Zy). Moreover @ implies that 

II/o(^)~ 1 |U((t w z)X) = Wf^zr'Wci^zy) e Z. (4.10) 

Lemma 4.4. Assume k G L°°(EI n ). Tnen tnere eirzsi constants Eq,C > and a smooth 
function 

w = w{n, s, e) : (0, +oo) xlx (-e , e ) — > S^QEP) 
such that for any \i > 0, s G R, and e G (— £o? £o) 

w(p,s,e) is orthogonal to T z Z (4-H) 

fc + ^ ¥ ))eV (4.12) 
|K/i,s,e)|| < C\e\. (4.13) 

Proof. Since it will be useful in the sequel, we write the complete proof of the lemma 
which follows the proofs of analogous results of [fj, || . Let us define 

H : (0, +oo) x R x S l cyX (W l ) xKxKxl — ► S^W) xKxl 

(ji, s, w, an, a 2 , e) i — ► (feiz^ + w) - a^,, - a 2 (^ s , (w, £^ s ), (w, C M)S )), 

where (resp. C M;S ) denotes the normalized tangent vector -§^z^ s (resp. -§- s z^ s ). If 
if(/x, s, w, ai, a 2 , e) = then to satisfies ( |4.11|) - (|4TT2|) and H(p, s, w, a±, a 2 , e) = if and 
only if (w, a\, a 2 ) is a fixed point for the map F^ s e defined as 

(dH \ 1 

— r(p, s, 0, 0, 0, 0) J H(p, s, w, at!, a 2 , e) + (w, a u a 2 ). 
d[w,ai,a 2 ) J 

To prove the existence of w satisfying ( [4.11] ) and (|4.12|) it is enough to prove that F^ s ^ 
is a contraction in some ball B p (0), with p = p{e) > independent of z G Z, whereas the 
regularity of w(p,s,e) follows from the Implicit Function Theorem. We have that 

(dH \ 
-(/i, s, 0, 0, 0, 0) (w, Pi, ft) = {fo(z„, s )w - fciw - foUs, (w, 4, s ), (w, C M)S )). 
d{w,a 1 ,a 2 ) J 
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^From (b) we deduce that (^^-^(/i, s, 0, 0, 0)) is an injective Fredholm operator of 
index zero, hence it is invertible and 

8H 



■(ji, s ,o,o,o,o) 



d(w, an, a 2 ) 



In view of fig), we have that 11( ^^-^ (^,0,0,0,0)) '|| < max (l, || (f^z^))' 1 

max(l,||(^H)" 1 ||)- Set C* = max (l, Wif^u))' 1 ]]) . For any (w,a u a 2 ) E B p (0) we 
have that 



\\F^ £ (w,a u a 2 )\\ < C4f' £ (z^ s + w) - f{j (z^ s )w\\ 

<C* / \\fo{z„, s + tw)-fZ{z^)\\dt-\\w\\+C*\e\\\G\z^ s + w) 



o 



<c n / ||^(^ + t^ 1 H)-^H||rft.|| w || + L7,|e|||G'(^ s + w )|| 







<C m p sup \\fZ(u + w)-fZ(u)\\+C*\e\ sup WG'iz^ + w^]. (4.14) 

|«.'||<p ll^H^P 



For (wi, «i, (3i), (w 2 , a 2 , (3 2 ) G -B P (0) 

\\F^ s , £ (w u a u p x ) - F^ e {w 2 ,a 2 ,(3 2 )\\ 



C*\\wx - w 2 \\ 



< 



\\wi - w 2 \ 



< / ||/o(^, S + ^2 + ^l-^2))-/o(^)ll^ 







+ \e\ / \\G"{z^ s + w 2 + t{w x - w 2 ))\\ dt 







< sup \\f»( u + v,)-fg{u;)\\ + \e\ sup \\G"(z,, s + w)\\. (4.15) 

||io||<3p ||u>||<3p 

Choose p > suc h that C* sup|| w || <3po ||/q (a; + w) — /q (a>)|| < 1/2 and e > such that 

2e <( sup ||G" / (z + ^)||) _1 L7- 1 and3e < ( sup \\G'(z + w^Y'c^po. 
y zez,\\w\\<3 Po J v 2ez,||«>||<p 7 

With these choices, for any z M)S G Z and |e| < e the map i^, s , e maps -B po (0) into itself 
and is a contraction there such that \\F^ Sj£ (wi, a±, j3\) — F^ S)E (w 2 ,a 2 , /3 2 )\\ < l\\wi — w 2 ||, 
where the constant I e (0,1) does not depend on p,s,e. Therefore F^ Sj£ has a unique 
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fixed point (w(p, s, s), cti(p, s, e), a 2 (p, s, e)) in B po (0). From (|4.14j ) we also infer that 
F^ s>£ maps B p (0) into B p (0), whenever p < p and 

P>2\e\( sup \\G'(z P:S + w)\\)C*. 

\\w\\<p 

Consequently for the uniqueness of the fixed point we have 

\\(w(p,s,e),a 1 (p,s,e),a 2 (p,s,e))\\ <3\e\( sup \\G'(z PtS + w)\\)C*, 

\\ W \\<P0 



which gives (|4.13| ). □ 



We are now interested in the behavior of the function 

$ £ (>> s ) = fe{z^ s + w(p,s,e)) 
the critical points of which on IR + x IR give rise to critical points of f £ on Si yl (H n ), as 



remarked in Subsection 4.1. In particular we will prove the following proposition. 



Proposition 4.5. Assume that k is cylindrically symmetric and continuous on H n . Then 
for any sGl there holds 



(i) lim (AtiS) ^ (0 ,s) $ £ (/i, s) = f (Lu) (l + ek(0, s)) 

(ii) lim^^^oo $ e (/i, s) = f (u) (l + ek(oo)) ~ 



Q-2 

2 



Q-2 
2 



Remark 4.6. Thanks to the above proposition we can extend <3> e to the axis {p = 0} by 
setting 

$ e (0,s) :=/oH(l+#, S ))" 

and to infinity by setting 



Q-2 



3-2 
2 



$ 6 (oo):=/ (w)(l + eA;(oo))- 
t/ras obtaining a continuous function on the compactified half-plane {(/i, s) : p > 0}U{oo}. 
For p > 0, sel, let us consider the functional f^ s = f £ ° U^ s i. e. 

f^ s {u) = \l \S7wM 2 dzdt - ^— ( (l + ek(pz,p 2 t + dzdt. 
2 Jw n Q* Jw n 

There results (/*•)' = (W^)" 1 o />^ s and (/*')"(«) = (W^) -1 o £'(u) oW ftl| for any 
u G 5^(1"). Let us consider the map H^ s : S , c 1 yl (H n ) xRxlxR — ► ^(H™) xRxR - 
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(w,ai,a 2 ,£) i — ► ((ft S )V + w) ~ «i4 - «2Co, (w,io), (w, Co)) where £ (resp. Co) is 
normalized tangent vector -§^z^ s \ (resp. §^z^ s \ j. We have that 

PjZJfJ,,S f)M 

-(0, 0, 0, 0) = -(/i, s, 0, 0, 0, 0) 



d(w,ai,a 2 ) ' d(w,ai,a 2 ) 



s=0 



hence ^^ (0,0,0,0) is invertible and || ( -g|^ (0, Q, Q, Q)) x \\ < C*. The map 



9(ui,ai,Q2)^ ' ' ' ' II \d(w,ai,a2) 



Ft s (w, an, a 2 ) := - — -(0, 0, 0, 0) H^ s (w, a u a 2 , e) + (w, a x , a 2 ) 

\o(w, ai, a 2 ) J 

satisfies 

\\F^{w, ai ,a 3 )\\ < C4f £ {z^+U^ s {w)) - f^ s )U^{w)\\ 

and 

\\Ft B {w 1 ,a u p{)-F? B {w2,OL2,fh)\\ 
C*||toi - w 2 \\ 

\\U^ s {wi) -U^ s (w 2 )\\ 

which imply, in view of !4|) and ( 4.15 ), that F^ s is a contraction in the same ball 
where F^ S)Et is a contraction (see the proof of Lemma |4.4| ). Hence F^ s has a fixed 
point (w^' s , a j*'*, a^f) such that if M,s (w^' s , a^, a^'* , e) = 0. ^From the uniqueness of 
the fixed point of F^ s and from the fact that (/^' s )'(o; + (U^ s )~ 1 w(fi, s,s)) G T^Z and 

(W MiS )~ 1 w(/i, s, e) G (T uj Z) ± , it follows that = (JA^ s )~ l (w(/i, s, e)), where w(fj,,s,e) 
is given in Lemma Assume now that k is continuous on M n and fix s G R. Let us 
consider the functional 

/ £ °' s = ^/ |V H .n| 2 --L(l+eA ; (0, S )) / uf. 

For w E °' s = (i e (s) - l)w where * e (s) = (1 + £&(0,s))-V we have (/ e °' s )V + w°' s ) = 
and (f^ s )(u + w° e ' s ) = (1 + ek{0, s))' 9 ^ (± - ±) / Hn and hence H°' s (w° £ ' s , 0, 0, e) = 
where 

#°' s (u;,ai,a 2 ,£) = {(f £ ' s )'(uj + w) - a^ - a 2 Co, O,£o), («>, Co))- 
We have that ^^(O, 0,0,0) = a(M f* )qa) (/J, a, 0, 0, 0, 0) I and hence « s ,0,0) is a 

s=0 

fixed point of the map 

/ QH°' S \ ~ x ~ 

F £ ' s (w,ai,a 2 ) = - -pr. -(0,0,0,0) H°' s (w, a u a 2 , e) + (w,ai,a 2 ). 
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It is easy to check that F®' s is a contraction in some ball of radius 0(|e|). Hence w® ,s is 

the unique fixed point of F £ °' s in such a ball. 

Let us also set wf = (tf - if = (1 + efctoo))" 9 ^. 

Lemma 4.7. For any s G K there holds 

w»' s -> w°' s ", as (/i, s) -> (0, s), (4.16) 
w£*^w?, as fas) -»■ (0,oo). (4.17) 

Proof. We have that 

s (^' s , 0, 0) - F £ °' s (w £ °' s ", 0, 0)|| < CJ|^' S (^' S ", 0, 0, e) - H°~ s {w /, 0, 0, 5 



< a\\(frr^+w /)- (/ £ °' 5 )V+^; 

Since by ( |2.2| ) and the Holder inequality 



aii(/r)'(*«(W-(/?'7(^(s)«)ll. 



/ e [fc(/i2, // 2 t + s) - fc(0, s)] (t £ (s)cj) Q *~^ 



<S~ 1/2 \\v\\ 



eo^\k(fxz,fx 2 t + s)- k(0,s)\^t £ (s) Q *u Q * 



we have that, by the Dominated Convergence Theorem, 



\\Ur)\t e (sP)-(f^y(t e (s)u)\\<c 

Therefore 



\k(fiz, fiH + s) -k(0, s) | 



Q -1 



(pt,s)->(0,s) 



F*>^, 0, 0) - F E U '>^, 0, 0), as (//, s) - (0, s). 



rO,s/'„„0 



(4.18) 



Since F^' 5 is a contraction with a contraction factor < / < 1 independent of fi, s, and e 
we have that 

\\wr-w°/\\ < ||«' s ,< s ,O-K ' s ", 0,0)|| = llF^'C^^^-i^W, 0,0)11 
< s «> s , < s , < s ) - F*>°> § , 0, 0)|| + \\F^(w /, 0, 0) - F^(w /, 0, 0)|| 

,0, S 1 1 I t\ T71U.S f n ,,0,S f\ f\\ I^O.S/ ,0,; 



□ 



< l\\w^ - wr\\ + WFfiw?, 0, 0) - Fp(w?, 0, 0)|| 
and hence from (|4.18|) we obtain ( [4.16| ). The proof of (|4.17|) is analogous. 
Proof of Proposition [4.5| . By definition of $ e and f^' s , we have that 

$ e (ji, s) = f £ (z^ s + wQi, s, e)) = + << s ). (4.19) 

Moreover 

/* > + <>*) = /* > + w n - f/{^ + wn + f/{u + <>*) 



/ (jfe(0, s) - fc(//*, // 2 t + s)) + <•')+* dz dt + 



[OJ + w 
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hence by ( |4.16|) and the Dominated Convergence Theorem 

+ , 7- n , + (4-20) 
On the other hand we have that 

/ £ '*> + w /) = f^(t E (s)uj) = /oH (1 + ek(0, S)) - ^. (4.21) 



From 04.19T ), ( |4.20|) , and ( 4.21]) , (i) follows. In an analogous way, using (|4.17| ), it is easy 



to prove (ii). □ 



Thanks to Proposition |41] it is now quite easy to give some conditions on k in order 
to have critical points of $ e . In particular the knowledge of k on the axis {(0, s) : s G M} 
and at oo gives exact informations about the behavior of $ £ on the axis {(0, s) : s6 R} 
and at oo. 

Proof of Theorem |2.8| . As remarked in Subsection |4.1| , it is enough to prove that 



$ £ (/x, s) : M + x R — > K has a critical point. In view Proposition |4.5| , fc(0, £) = fc(oo) 
V£ G K implies that <& s (0,t) = $ £ (oo) V£ G K. Hence, either <3> £ is constant (and we have 
infinitely many critical points) or it has a global maximum or minimum point (/2, s), p, > 0. 
In any case, <3> e has a critical point which provides a solution to (V e ). □ 



Appendix 

In the first part of this appendix, we prove some technical lemmas about the properties 
of cylindrically symmetric functions of the Folland-Stein Sobolev space S^HP). 

Remark A.l. If u(z,t) = u(\z\,t) , v(z,t) = v(\z\,t) are in Sl yl (M n ), then u,v G 
H\ oc ({(r,t) G M 2 |r > 0}). Moreover the following formula holds a.e. 

(Vinit, Vh~^) (z, t) = (d r ud r v + Ar 2 d t ud t v)(\z\,t). (A.l) 

Proof. It is straightforward to verify that formula ( |A.1| ) holds for smooth functions. 
In order to extend it to general u,v G S , ^ yl (H n ), we choose two sequences of cylindri- 
cally symmetric functions (pk^k G C^°(M n ), converging in Sq to u, v, respectively. By a 
cylindrical change of coordinates, it is then easy to see that <pk,ipk are Cauchy sequences 
in H l (Q) for every Q CC]0, oofxKL Since moreover <pk ~^ u, 4>k v, pointwise a.e. 
(up to subsequences), the limits of (pk^k in H 1 ^) are necessarily u, v. As a conse- 
quence, formula ( |A. 1| ) (which we know to hold for ifj^) extends to u, v by means of the 
a.e. pointwise convergences Vh"0a: Venn, Vip^fc — > Vi«?;, (d r <f>k,d t (f)k) — > (d r u,d t u), 
(d r ^ k , d t 7p k ) -> (d r v,d t v). □ 
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Lemma A. 2. Let K(z,t) = K(\z\,t), with K bounded and locally Holder continuous in 
]0,oo[xM, and let u G [(HP) be a (nonnegative) weak solution of — A H n-u = Ku®*" 1 
in the S^^H™) -sense (i.e. with respect to S\ x (W l )-test functions). Then u is a weak 
solution of the same equation in the Sq(IEP) -sense. An analogous result also holds for 
weak solutions of the equation — A^nu = (Q* — ^-)U9 S 



-u. 



Proof. Let us prove the statement related to the equation — A^m = Kvft 1 (the same 
proof works also for the other equation). Recalling Remark [A.l| , for every test function 
4> G C£°(]0, oo[xM) we have 



0,oo[xl 



Ku Q *- 1 '6r 2n - 1 drdt= I Ku Q, - l ct)= I (V H »«, V H »c , 

(d r ud r 4> + A^dtudt^y^drdt 

0,oo[xR 

where u(z,t) = u(\z\,t). Hence a is a weak solution of the elliptic equation 



d r {r ln - l d r u) - d t (4r 2n+1 d t u 



„2n-l 



Ku Q *~ 



in ]0, oo[xlL Now, using a classical bootstrap elliptic argument, one can easily see that 
u G C 2 (]0, oofxIR). As a consequence u G C 2 ({(z, t) G M n \z ^ 0}) is a classical solution 
of the equation -Ai^h = Ku^*~ l in {z ^ 0} and we can argue as follows. Let us 
fix a test function <f> G C^°(HI n ) with support contained in R 2n x [— T, T] and let us set 
n £ = {(z,t) G H n : \z\ < e, \t\ < T}, 5 £ = {(z,t) G M n : \z\ = e, \t\ < T}. Let us also 
choose a vanishing sequence of positive numbers such that 

/ | Vu™u\ 2 dH2n = o(— ), as k — > oo 
(such a sequence does exist since |Vh™m| G L 2 (EP)). Then, setting 



In 


2y 







■2fJ 


-2x 4|z| 2 



A = 

we have by the Divergence Theorem 
((V H "M,Vh«0) -Ku Q *~ l 
(<f)AVu,V(-z)}dH 2n = 

<cl \Vwnu\dH 2n < c[ I Wm™u\ 2 dH. 



&v{<j>AVu) 
V h «m, Vu"(z)}dH 2 n 

1/2 



2» 



_(2n-l)/2 



-r^-l^ 



as k 



OO. 
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Since | f U n\ n ((V H «w, V H ™0) - Ku Q * V)| | J H n((V H ™«, V H ™0) - Ku Q * 1 4>)\, this 

proves that / Hn (Ve™M, Vh™0) = J H „ KvP*~ x <f> holds for every G C^°(HP) and thus 
for every G Sd(HP). □ 

Lemma A. 3. Lei u m fre a sequence weakly converging in Sl yl (M n ) to some function u G 
Sl yl (M. n ). Then (up to subsequences) u m —> u in L q (C) for any set C of the type {z : < 
c i < \A < c 2 } x [— c 3 ,cz] (and hence on any compact set away from the axis {z = 0}) and 
for any 1 < q < +oo. 

Proof. Let C = {z : c± < \z\ < c 2 } x [—03,03]. ^From Remark [A.l| we have that for 
any function w G S'^ yl (EI n ) 

I V H nuf = l<9rH 2 + 4r 2 |<9^| 2 . (A.2) 

Let now u m be a sequence weakly converging to u in ^(HP) (and so in S^HP) and in 
L Q *(HP)). Thanks to (|AT2| we can write 



const > y |V H "M m | 2 = In J ci<r<co (\d r u m \ 2 + 4r 2 \d t u m \ 2 )r 2n 1 dr dt 

\t\<C3 

> 7n min{l,4c 2 }c 2n - 1 / (\d r u m \ 2 + \d t u m \ 2 ) dr dt 

J [C1,C 2 ]X[— C 3 ,C 3 ] 

and analogously for the L 2 norm. Hence u m (r,t) is bounded in if 1 ([ci,c 2 ] x [— c 3 ,c 3 ]) 
which is compactly embedded in L 9 ([ci,c 2 ] x [— c 3 ,c 3 ]) for any 1 < q < +00. Therefore, 
up to a subsequence, u m (r,t) — > u(r,t) in L 9 ([ci,c 2 ] x [— c 3 ,c 3 ]). Consequently, we get 
that 

/ |w m -w|" = 7n l^ c2 \u m {r,t) - u{r,t)\ q r 2n - 1 dr dt 

c i*T<c 3 2 

<7nC 2 n_1 / \u m (r,t) -u(r,t)\ q drdt — > 0. 

J[ci,C2]x[-c 3 ,c 3 ] 

Lemma |A.3| is thereby established. □ 

Let us now state the P. L. Lions concentration-compactness principle in HP. Since the 
proof does not present further difficulties with respect to the euclidean case (see 0] and 
[p~8|D, we omit it. Let H = HP U {00} be the compactification of HP. Let us denote by 
Ai(M. ) the Banach space of finite signed regular Borel measures on HI , endowed with 
the total variation norm. In view of the Riesz representation theorem, the space _M(H ) 
can be identified with the dual of the Banach space C(H ). We say that a sequence of 
measures fi m weakly converges to fi in A^(H ) if for any / G C(H ) (i.e. continuous on 
HP with finite limit at 00) 



/ d\x m — > / / djJL. 



In this case we will use the notation \i m — ^ 
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Theorem A. 4. (Concentration-compactness) Let {u m } be a sequence weakly con- 
verging to u in 5*0 (H n ). Then, up to subsequences, 

(i) |VH' i Wm| 2 weakly converges in .M(Hp) to a nonnegative measure \i, 
{%%) \u m ^* weakly converges in A^(IEiP) to a nonnegative measure v. 

Moreover there exist an at most countable index set J, a sequence (zj,tj) £ HP, z/ J , z/°° £ 
(0, oo) such that 

/i > |V H «u| 2 + <% i )^ ( W) + SV°)^oc. 
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